Abstract Childbirth is a complex clinical service requiring the coordinated support of highly trained healthcare professionals as well as management of a finite set of critical resources (such as staff and beds) to provide safe care. The mode of delivery (vaginal delivery or cesarean section) has a significant effect on labor and delivery resource needs. Further, resource management decisions may impact the amount of time a physician or nurse is able to spend with any given patient. In this work, we employ queueing theory to model one year of transactional patient information at a tertiary care center in Boston, Massachusetts. First, we observe that the M/G/∞ model effectively predicts patient flow in an obstetrics department. This model captures the dynamics of labor and delivery where patients arrive randomly during the day, the duration of their stay is based on their individual acuity, and their labor progresses at some rate irrespective of whether they are given a bed. Second, using our queueing theoretic model, we show that reducing the rate of cesarean section -a current quality improvement goal in American obstetrics -may have important consequences with regard to the resource needs of a hospital. We also estimate the potential financial impact of these resource needs from the hospital perspective. Third, we report that application of our model to an analysis of potential patient coverage strategies supports the adoption of team-based care, in which attending physicians share responsibilities for patients.
Introduction
Healthcare systems are challenged by the need to provide high-quality healthcare to a growing population with finite resources [3, 4, 31] . The resource management challenges of the labor and delivery (L & D) floor, where 99% of American babies are born, are uniquely complex: the floor must be staffed and equipped for triage, emergency surgery, and close surveillance of labor progress, as well as standard inpatient care for both adults and newborn infants.
A current concern in American obstetrics is the high rate of cesarean delivery (C-section) and its effect on hospital resources, such as rooms and staff. While spontaneous vaginal births require protracted periods of clinical attention prior to delivery, C-sections are more expeditious. On the other hand, C-sections require a significantly longer hospital stay. In 1965, the national C-section rate was 4.5% [52] ; by 2009, this rate skyrocketed to 32% [10] . The magnitude of this shift is not well-explained by shifts in patients' risks or preferences, nor by medical malpractice or professional reimbursement [15, 14, 17, 55] . Regardless, there is wide agreement that current C-section rates are too high by a large margin [43] . Overuse of C-sections may increase the risk of surgical complications and other adverse events for both mothers and infants [1, 9, 16, 39] .
Reducing the incidence of avoidable C-section in the United States could improve the safety, cost, and experience of care for millions of mothers and newborn infants annually [54] . However, doing so is likely to require a shift in the resource composition of the hospital (e.g., the number of beds and staff members required in each ward within the obstetrics unit). A better understanding of how to optimally reallocate hospital resources can help ensure that patients receive safe and appropriate care. Prior work has incorporated queuing theoretic models to investigate resource use on labor and delivery units at steady state but does not account for differences in patient flow over the course of a day [53] .
A related concern for optimizing staff resources is the policy attending physicians maintain with regard to sharing the responsibility of patient care. It is a common practice in many tertiary care centers (i.e., large hospitals staffed by specialists) for each attending physician to be the primary provider for patients assigned to his or her care. If this primary provider is occupied with one patient, other staff (residents or staff nurses) may temporarily assume care for the primary provider's other patients, but will typically defer consequential decisions until the primary provider is available again. However, in some hospitals, physicians share their responsibilities, and the assignment of patients to physicians is more flexible and dynamic. Prior work within the obstetrics community has not used a queueing theory-based approach to assess the merits of these management styles for a given obstetric unit's needs.
We provide three novel contributions: First, we confirm the applicability of the M/G/∞ queueing model to study operations in labor and delivery, not just at a specific time when the number of patients is at a steady state, as in the work by Takagi et al. [53] , but for patient flow throughout an entire 24-hour day. Second, we employ the M/G/∞ model to quantify how bed utilization would change if the C-section rate were reduced. We find that hospitals would need to substantially increase the number of beds on the labor and delivery floor, while decreasing the number of beds in the postpartum ward. Applying data from prior work by Shah et al. [50] , we estimate the impact that changing the C-section rate would have on operating costs for the obstetrics department. We find that decreasing the C-section rate may, in fact, not increase overall operating costs. Third, using a novel application of the hypercube queueing model [34] , we quantitatively demonstrate the benefits of the two aforementioned staffing strategies (i.e., whether or not attending physicians share responsibility for laboring patients) using the M/G/∞ model. We measure the amount of increased time that patients receive care from an attending physician when attending physicians share the responsibility of patient care.
The paper is structured as follows: First, we briefly review important work related to the modeling and optimization of healthcare processes (Section 2). Next, we provide an overview of labor and delivery operations (Section 3), as well as a description of the data set we obtained for our analysis (Section 4). In Section 5, we confirm the applicability of the M/G/∞ queueing model and discuss the nuances that necessitate its use over the M/M/m model. We then address how resource needs would change as a function of a change to C-section rate (Section 6). In Section 7, we present our investigation into the relative merits of two common management styles for patients in obstetrics. Finally, we present our conclusion in Section 8.
Background
Healthcare operations have received much attention from researchers attempting to improve the efficiency and quality of hospital care [49, 27, 19, 46] . In this section, we briefly review related work in applied statistical modeling and discrete event simulation (DES) focused on modeling and improving hospital operations. Next, we discuss related work from the complementary perspective of queueing theory. We conclude the section by outlining the novel contributions of our work relative to these prior studies.
Applied statistical modeling and DES are ubiquitous techniques for understanding and improving healthcare operations [2, 6, 12, 13, 18, 23, 26, 38, 40, 48, 49, 51, 59] . For example, Hall et al. [26] presented modeling tools (e.g., process maps and task analysis) for understanding a healthcare system, measuring that system's performance, and resolving delays in interfaces between units in hospitals. In their paper, Hall et al. [26] presented a case study of a Los Angeles County/University of Southern California Hospital in which they demonstrated the use of their tools. Hall et al. [26] showed that the studied hospital should increase the size of the ward responsible for discharging patients, optimize the assignment of personnel to logistical tasks (i.e., transporting patients), improve scheduling and forecasting of non-urgent procedures, and implement bed and personnel tracking systems to reduce operator workload.
Marmor [40] first developed a simulation-based operation to identify bottlenecks and improve the studied hospital's operations. Marmor [40] also considered staff scheduling, as poor scheduling often limits the ability of the hospital to operate efficiently. Zeltyn et al. [59] used a simulationbased technique that employs the concept of "offered load" to understand staffing problems arising in hospital operations. In essence, offered load accounts for the time required by a provider to care for an individual patient, as well as a correction factor to address inefficiencies resulting from high workload [5, 25] . Zeltyn et al. [59] showed that incorporating offered load into DES improved the ability of the simulation to provide real-time control of emergency department (ED) operations.
Armony et al. [2] performed an exploratory data analysis to help answer questions such as whether simple queueing models adequately capture hospital operations and how established patient flow processes affect delays. Their results indicated that hospital events (e.g., patient arrival rates) can be modeled with relatively simple probability distributions, and provided a set of challenges for the research community to develop more effective queueing theoretic models in order to understand and improve hospital resource management. Day et al. [12] developed a DES to predict whether the addition of an additional triage nurse would decrease the proportion of patients who remain in triage for longer than 6 hours. Based upon a positive result in simulation, the authors implemented this change at their hospital and observed a similar positive result in practice, thus demonstrating the power of DES.
De Bruin et al. [13] investigated how inpatient bed availability affects admission rates among cardiac patients; they found that limited bed availability increased the rate at which cardiac patients were turned away at the point of entry. Similarly, Litvak et al. [38] studied how scheduling of non-emergent surgical operations affected patient flow in the ED. They found that variation in the utilization of surgery resources -which is partially controllable by the hospital resource managers -contributed directly to delays in ED operations, and concluded that scheduled surgeries should be better balanced between days to decrease the variation and magnitude of ED delays. Shi et al. [51] investigated transfers from the ED to inpatient wards and developed a data-driven model to provide insight for managerial decisions.
With a focus on labor and delivery, Cochran and Bharti [11] developed a DES to better understand how to allocate beds across various care centers (e.g., whether a bed should be designated for triage versus post-operative recovery) within the obstetrics department. They found that increasing the number of beds in their department by 15% would increase the number of patients the hospital could care for by 38%. The authors noted that they have implemented the results of the study by increasing the number of beds in their department [11] . Ferraro et al. [18] developed a DES to aid in capacity planning for maternal/fetal medicine. They found that the addition of three beds to their existing center (the Children's Hospital of Philadelphia) nearly tripled the amount of time before the hospital would reach capacity and need to refuse admission.
Kwak and Lee [33] developed a multi-criteria decisionmaking model to determine the staffing needs at a healthcare organization in the midwestern United States. The authors used goal programming (a linear program with a multicriteria objective function and associated constraints) to determine the optimal staffing levels for nurses, physicians, and technicians for each of six, 4-hour shifts over the course of a 24-hour day. Kwak and Lee emphasized that an added benefit of their investigation is the value it provided for hospital managers in terms of increased awareness of and insight into the multi-criteria goals and constraints inherent in hospital resource management.
While much of this prior work focused on discrete event models and descriptive statistical analysis, there have been important applications of theoretical modeling to the problem of improving healthcare resource management [23, 24, 22, 21, 28, 33, 41, 53, 57, 58] . For example, Yom-Tov and Mandelbaum [58] developed a model based on the Erlang distribution, called Erlang-R, to model patients who return multiple times during their need for hospital services. Yom-Tov and Mandelbaum [58] used this analysis to determine how many doctors and nurses were required to care for patients. Further, Huang [28] incorporated a day-of-the-week component into a queueing model to evaluate the need for emergency room beds and showed that occupancy on any given day follows a Poisson distribution.
McManus et al. [41] studied the problem of maintaining patient flow within an intensive care unit (ICU). The authors fit the M/M/m queue to their data, and showed that it was able to accurately capture the probability distributions governing bed occupancy. Based on their exploration of the fitted M/M/m queueing model and their experience in practice, McManus et al. posited a set of practical implications for the community. At the core of these implications is the need to consider entire probability distributions, rather than mere averages or point estimates. For example, many hospitals base their utilization estimates on nightly census data, which do not capture the transient impact of patients flowing in or out of the ICU [41] .
Similarly, Green et al. [24] used the M/M/m queue to develop an understanding of the staffing hours required to maintain an acceptably low balking rate (i.e., the rate of patients who leave without being seen by a medical professional). Using the M/M/m queue, the authors showed that increasing the total provider hours by merely 3.1% would decrease the balk rate by 22.9%.
Using related techniques, Gerchak et al. [21] employed stochastic dynamic programming (DP) to improve the scheduling of elective surgeries given the uncertainty of emergent surgical needs, as well as limited surgical capacity. DP, as with many queueing theoretic models, defines the environment in question as a Markov decision process [44] . Gerchak et al. then developed interpretable bounds on the system's performance for various distributions and parameters defining the operating environment.
Some important works focus on obstetrics as well: Green and Nguyen [23] analyzed data from a hospital based in Boston (Beth Israel Deaconess Medical Center) to determine how well the patient discharge process and duration of patient stays at an obstetrics department could be modeled using existing queueing theory models. The authors found that the M/M/m queueing model can accurately predict the likelihood that a patient's service delay will be of a given duration, as a function of the number of beds in the obstetrics department and patient arrival rate.
Takagi et al. [53] applied M/G/∞ and M/M/m queues to represent the flow of patients within an obstetrics ward at the University of Tsukuba Hospital in Japan. The authors began by confirming the applicability of Little's Law of queueing theory [37] for patient flow in each ward within the department. Next, they tuned their queueing models to predict the probability distribution of the number of patients in each ward at the time of the nightly census. However, as noted by McManus et al. [41] , simply modeling nightly census data fails to capture transient, flow-related stressors that often result in patient service denial.
In our work, we take a queueing theoretic perspective. While DES and related techniques can readily identify bottlenecks and performance limitations, they also require extensive, hospital-specific modeling. Development of queueing theoretic models allows for a more broadly applicable understanding, although these models often lack the detail required to more fully predict phenomena at a specific individual hospital. Our goal is to develop a broadly applicable understanding of how C-section rates and management styles affect obstetrics care; as such, we base our analysis on a queueing theoretic model (the M/G/∞ queue), which yields equations that can be easily tuned to answer questions about a specific hospital of interest.
We provide three novel contributions to management science vis-à-vis obstetrics: First, we demonstrate the validity of the M/G/∞ queue. While Takagi et al. [53] applied the same theoretical model as that we use in our work (the M/G/∞ queue), Takagi et al. only considered bed occupancy during the scheduled nightly census. In our investigation, we consider the viability of the M/G/∞ queue for modeling data throughout the entire day. Showing that the M/G/∞ queue can accurately capture behavior within the obstetrics department based on events occurring over the course of a day represents a novel advance because the department is in flux -not in a steady state. Specifically, patients are discharged at both random (i.e., patients discharged from triage after being deemed healthy) and non-random times (i.e., physicians typically discharge patients from postpartum in the afternoons, as discussed further in Section 5). Relative to the work by Green and Nguyen [23] , we show that the more general M/G/∞ queue can accurately model processes in obstetrics.
Second, we use the validated M/G/∞ queue to model how a change in C-section rates would affect resource utilization within an obstetrics department. We are unaware of any prior application of a queueing theoretic model -including those by Green and Nguyen [23] and Takagi et al. [53] to assess the impact of altering C-section rates on resource utilization.
Third, we investigate how patient management styles affect the time a physician spends caring for an actively laboring patient. Using the M/G/∞ queue with a hypercube modeling framework [34] , we find that a paradigm in which physicians share the responsibility of caring for laboring patients increases the time those patients are cared for by an attending physician (as opposed to a resident) relative to a scenario in which physicians only care for their own, preallocated primary care patients. Again, we are unaware of any prior application of a queueing theoretic model to study these management styles in obstetrics care, or of any work translating the Larson model for the purpose of analyzing the queueing behavior of physicians caring for patients.
Labor and Delivery: An Overview
Resource management in labor and delivery (L & D) is complex, as patients may take multiple possible routes through various care centers before giving birth. Here, we first describe the various steps in the overall L & D care process. Next, we discuss how labor and delivery staff are assigned to patients. Figure 1 depicts a simplified process map that describes how patients (pregnant women) move through the hospital to receive care. To describe this model, we consider three types of patients: scheduled inductions, scheduled cesarean sections, and unscheduled.
Scheduled Inductions
At the recommendation of her obstetrician/gynecologist (OB/GYN) or midwife, a patient may be scheduled for induction of labor. Typically, these are cases in which patients are not yet in labor but the risk of remaining pregnant is higher than the risk associated with delivery for either the mother or infant. These patients will commonly arrive at the labor and delivery floor and be directly admitted to a labor bed without first being seen in L & D triage. These patients generally experience the longest service times on the labor and delivery floor because the medicine required to induce labor takes longer to bring a woman to active labor than if the woman's body stimulates labor on its own. After delivery, induced patients are moved to the postpartum floor. Under extreme situations, when the labor and delivery floor may be too full to admit such patients, a scheduled induction may first be moved to the antepartum ward to begin the procedure, or the procedure may be postponed until a later date. 
Scheduled Cesarean Sections
As with scheduled inductions, a patient may be scheduled for a cesarean section at the recommendation of her OB/GYN. Such a situation could arise if vaginal delivery is deemed unsafe for the mother or infant; however, scheduled cesarean sections can also be elective. C-section patients are scheduled to arrive at the labor and delivery floor approximately 2 hours before their procedures and are admitted directly to recovery room beds on the labor and delivery floor. The patients are then prepped for surgery and moved to an operating room. After the C-section, patients are returned to their recovery room beds. Following a monitoring period, these patients are then moved to the postpartum floor and will remain there for approximately 4 days to ensure proper recovery.
Unscheduled Patients
The majority of patients on the labor and delivery floor are women who have not arrived for scheduled procedures but are either in spontaneous labor or responding to concerns about their pregnancies. For example, a woman may come to the floor if she has a headache or high blood pressure (signs of preeclampsia), has fallen and is concerned about the baby, or if the baby has decreased fetal movement. A woman may call her obstetrician's office first, which may recommend that she be evaluated in triage or be admitted to labor and delivery. A patient who either does not consult her obstetrician from home or whose obstetrician recommends an evaluation in triage will be seen by the triage nurse upon arrival at the labor and delivery floor. The triage nurse will then admit the patient to the labor and delivery or antepartum floor or send her home, depending on the needs of the patient (i.e., the severity of the patient's condition).
Data Set
For our analysis, we collected data from Beth Israel Deaconess Medical Center (BIDMC), a tertiary care medical center in Boston, for the 2014 calendar year. This data set includes timestamps for bed occupancy in all of the care centers of the unit: triage, the labor and delivery floor, the antepartum floor, and the postpartum floor. In total, the data includes 34,937 individual records of patient encounters. During 2014, this hospital treated 7,486 patients in labor and delivery, 6,060 (80.95%) of whom delivered babies. Of these 6,060 patients, 3,947 delivered vaginally (65.13%) and 2,113 (34.87%) delivered via C-section. These patients generated a total of 6,778 visits to L & D Triage, 6,361 visits to the L & D Floor, 943 visits to Antepartum, and 5,072 visits to Postpartum. Further, 1,286 (21.22%) of the 6,060 patients were scheduled for an induction. These numbers are similar to other tertiary care centers throughout the United States of America. We note that our data comes from raw, experimentally uncontrolled data, entered manually (rather than through RFID tracking) into an electronic database.
Modeling
In this section, we develop an accurate theoretical model of operations in labor and delivery. This model enables us to assess the hypothetical performance of the floor as a function of key model parameters. Specifically, we use our model to assess the impact of varying the C-section rate on the number of beds required to adequately care for patients on the L & D Floor and the postpartum ward (Section 6), and we evaluate the efficacy of various care paradigms as a function of the C-section rate (Section 7). In the following sections, we develop our theoretical model (Section 5.1) and validate its attributes (Sections 5.2).
The M/G/∞ Queueing Model
In outlining the development of our model, we first review the fundamental M/M/m queueing theoretic model. Second, we relax two aspects of this model to better reflect labor and delivery processes, which, in turn, gives us the M/G/∞ queueing model. For more background on the model, see Gautam [20] or Larson and Odoni [36] .
Preliminaries: The M/M/m Queueing Model
The M/M/m queue has three components. First, the model has a set of m servers (beds), each of which can process customers (patients), as denoted by the "m" in "M/M/m." Second, patients arrive according to Poisson ("Markovian") process, as denoted by the first "M" in "M/M/m." The Markovian aspect implies that the time at which one patient arrives at the hospital does not depend upon when the previous patient arrived. This time between two patient arrivals ("inter-arrival time") is exponentially distributed according to a Poisson process. Third, customers are served (i.e., spend time using the server) according to an exponentially distributed ("memoryless") process, as denoted by the second "M" in "M/M/m." The term "memoryless" reflects that the time one patient will spend in a bed is independent of how long that patient has spent in a bed thus far. Figure 2 depicts a graphical description of the M/M/m queueing model. The nodes of the graph represent the system state (i.e., the number of patients in the queueing system). The directed edges between nodes represent transitions from one state to another (i.e., the arrival of a new patient or the discharge of an existing patient). The weights of the edges represent the relative likelihood of transitioning from one state to the next. The edge weight for the addition of a patient to the system is typically denoted, λ , representing the average number of patients arriving per hour. The edge weight for the discharging of a patient from the system is typically denoted, µ, representing the average number of discharges per hour.
As the number of patients in the system increases, the probability of discharging any one of those patients increases up until the number of patients equals the number of servers (e.g., beds), as depicted by states 0 through m. When there are more patients than servers, the excess patients are processed sequentially as servers become available. As such, the weight for transitioning from a state with more than m patients to one with fewer than m patients is a constant mµ. Patients waiting for a server are admitted in a first-comefirst-serve priority.
The average time a patient spends waiting for a server is given by Equation 1, where C(., .) is Erlang's C formula [45] , the arrival rate, λ (corresponding to the first "M in M/M/m), the rate of service, µ (corresponding to the second . Intuitively, this equation shows that as the number of servers or the service rate increase, the patient waiting time decreases. However, as the patient arrival rate increases, the patient waiting time increases. Finally, the system is considered stable (i.e., the average wait time is finite) as long as mµ < λ [30] .
The M/G/∞ Queue: Relaxing the M/M/m Model
While the M/M/m queueing model captures a variety of processes, there are two aspects of L & D that are not well described by this model: 1) exponentially distributed service times and 2) the m-server capacity. First, patients waiting to be admitted to a bed are not simply waiting -their labor is not arrested while waiting unattended in the waiting area or elsewhere on the labor floor. Instead, each woman's body is "processing the pregnancy" in parallel. As such, the number of servers is equal to the number of patients. This type of phenomena is typically modeled as an ∞-server queueing system (e.g., the M/M/∞ queue). Second, service times are not exponentially distributed. Rather, the service times are a function of the individual acuity of the patient. For example, a patient requiring a C/S will typically deliver her baby more quickly than a patient delivering vaginally. As such, the service times for patients in L & D are better captured by a "general," denoted by replacing the second "M" with a "G" (e.g., the M/G/m queue).
Combining these two aspects yields the M/G/∞ queueing model. The M/G/m and M/G/∞ models are strictly more general than M/M/m and M/M/∞ queues, respectively. Any system that can be modeled as an M/M/m or M/M/∞ queue can also be modeled as an M/G/m or M/G/∞ queue, respectively. Lastly, we note that we maintained the Markovian patient arrival process from the original M/M/m queue, as we found that it accurately modeled the arrival processes at our hospital of interest.
Validation Metrics
To assess the applicability of this model, we validated three key attributes: patient inter-arrival times, patient service times, and the queue size (i.e., bed occupancy). We validated these attributes across the four primary care centers: L & D triage, the L & D floor, the postpartum ward, and the antepartum ward. As our key metric, we report the R 2 value for how well the queueing theoretic model predicts the actual distribution of patient inter-arrival times, patient service times, and queue size. Note that the R 2 value represents the proportion of the variance explained by the model. Because the R 2 statistic can be less helpful for nonlinear regression [7] , we also report a pseudo-R 2 statistic, denoted R 2 KL , which is based on the KL-divergence [32] . R 2 KL is computed through Equation 2, where KL(y,ŷ) is the KL-divergence between the data, y, and the fitted values,ŷ (i.e., as predicted by the exponential distribution); likewise, KL(y,ȳ) is the KLdivergence between the data and the mean value,ȳ, of the data [8] .
The M/G/∞ queue has two specific limitations when applied to L & D operations: First, transient phenomena inherent in L & D operations are not modeled by the M/G/∞ queue. For example, physicians typically arrive at the hospital during the early morning, make "rounds" on their patients before lunch, and discharge patients in the early afternoon. Further, appointment times for scheduled C-sections and inductions are not random: BIDMC and many other hospitals maintain predefined times for such procedures. These phenomena violate the memoryless assumption of the M/G/∞ queue. Second, because of these and other transient phenomena -for example, pregnancy rates may be higher in the winter than summer -the flow of patients on the labor and delivery floor is never truly at steady-state. This violates an assumption made when characterizing the performance of a queueing theoretic model: that the system is in equilibrium. Nonetheless, we validate in Sections 5.2 through 5.4 that the M/G/∞ model is capable of modeling patient interarrival times, patient service times, and queue size across the four primary care centers in L & D.
Inter-arrival Times
In an M/G/∞ queue, patient arrivals are governed by a Poisson arrival process. In such a process, the time between two patient arrivals is exponentially distributed, with an average arrival rate of λ patients per hour. In turn, the average and standard deviation of the inter-arrival times is given by 1 λ . Thus, we would expect the mean (M) and standard deviation (SD) to be equal if the inter-arrival times at an L & D care center were exponentially distributed. Further, we would expect the exponential distribution to well approximate patient inter-arrival times. To determine the overall arrival process, we constructed histograms for the inter-arrival times among mothers arriv- To provide further evidence of the validity of modeling patient arrivals as a Poisson arrival process, we investigate the relationship between consecutive inter-arrival times. For the model to be valid, consecutive inter-arrival times should be independent. Figure 4 depicts a scatter plot of a given inter-arrival time (i.e., inter-arrival time i + 1) versus the preceding arrival time (i.e., inter-arrival time i). From these figures, as well as the results of χ 2 tests for independence which are reported in Table 2 , we demonstrate that consecutive inter-arrival times are independent. Specifically, the χ 2 tests -with a bin size of 1-hour intervals and applying the Yates' correction for continuity [56] -show that the probability that consecutive inter-arrival times are independent is approximately 1; thus, we do not reject the null hypothesis that consecutive inter-arrival times are independent.
Finally, we also consider whether the arrival process is time-varying. We expect there to be periodic fluctuations in the arrival rate based upon controllable (e.g., scheduled inductions start at either 8 a.m. or 8 p.m.) and uncontrollable factors (e.g., patients may be less likely to come to the hospital during their sleeping hours). To determine the degree to which the inter-arrival time, 1 /λ, varies during the day, we compute the average inter-arrival time for each 1-hour window during a 24-hour day (e.g., midnight to 1 a.m., 1 a.m. to 2 a.m., etc.) for each ward. Figure 5 depicts the distribution of these average inter-arrival times. The mean and standard deviation (hours) for L & D Triage, the L &D Floor, Antepartum and Postpartum are 1.378 ± 0.370, 1.391 ± 0.177, 9.218 ± 1.568, and 1.7851 ± 0.375, respectively. The distributions for L & D Triage and Postpartum are relatively narrow considering the wide range of controllable and uncontrollable factors that alter the arrival process.
We note, however, that the Antepartum floor has a larger variance for two reasons. First, OBGYN out-patient clinics are typically open during normal business hours (e.g., 9 a.m. -5 p.m., Monday through Friday). Conditions for which an admission to Antepartum are warranted are more likely to be detected during an out-patient visit, and, in turn, be admitted to Antepartum during normal business hours. Second, patients are less likely to become aware of a pregnancy complication while they are sleeping, thus increasing the proportion of admission to Antepartum during the day. While the above is true for the other wards (e.g., L & D), both the type and sheer volume of patients visiting the other wards better reflects normal physiology, which is largely random.
Despite this variance, we show in Section 5.4 that the M/G/∞ queueing model very tightly approximates the figurative circadian rhythm of the wards involved in labor and delivery (See Figure 7) . We believe this close approximation shows that the M/G/∞ model has value in guiding the management of resource needs in labor and delivery.
Service Times
The service time (length of stay) at care centers is influenced by a number of factors. In triage, mothers who require admission to the labor and delivery floor may be delayed while the L & D floor prepares to receive them; at the same time, mothers who can be safely discharged may experience an expedited service time due to the reduced acuity of their condition. Women on the antepartum or postpartum floors are typically discharged once or twice per day in batches when doctors make their rounds. Further, women in active labor have distinct modes of service time: nulliparous patients (i.e., ones who have not birthed any children) typically experience significantly longer labor than multiparous patients (i.e., ones who have birthed at least one child). Furthermore, doctors may intervene in the normal course of labor via cesarean section if the mother's or baby's health is at serious risk. The duration of a cesarean section is typically much shorter than that of a spontaneous vaginal delivery, increasing the complexity of the model.
While the inter-arrival times in our data (Section 5.2) are accurately modeled with an exponential distribution, the service times are not. In this section, we justify the use of the M/G/∞ queue over the M/M/∞ queueing model by inspecting two key discrepancies between the data and the corresponding behavior predicted by the M/M/∞ queue, as shown in Figure 6 and Table 3 . .820, p < 0.001. While not ideal, these results are to be expected. Intervention via cesarean section curtails the time a patient would taken to deliver the baby via normal vaginal delivery, but a C-section also requires the patient to be monitored in the postpartum ward for 4 days, as opposed to 2 days among patients who deliver vaginally.
Second, the exponential distribution does not accurately capture empirical service times. If the data were exponentially distributed, the mean and standard deviation would have to be equivalent; however, these statistics do not correspond: The difference between the mean and standard deviation of the service times in our data set ranges from 36% to 89%.
Due to these problem characteristics, we adopted the M/G/∞ model, which allows inclusion of any distribution that can be parameterized by a mean and variance, as opposed to M/M/∞, which would require that these service times be exponentially distributed.
We note that the mean and standard deviation depicted in Table 3 are empirically derived from our data set, which is described in Section 4. Further, since service time data for patients on the L & D Floor and Postpartum were heavily dependent on the method of delivery necessitating the separate analysis in Table 3 . Specifically, the number of visits to the L & D Floor for patients delivering vaginally and via C-Section were 3,924 (61.7%) and 2,437 (38.3%), respectively, and to Postpartum for patients likewise delivering vaginally and via C-Section were 3,485 (68.7%) and 1,587 (31.3%), respectively. One can use these statistics to back out the overall, average service time 1 /µ for a given ward using Equation 3 , where 1 /µ vaginal and 1 /µ c/s are the average service times for patients delivering vaginally and via C-Section, respectively, and p vaginal and p c/s are the proportion of patients delivering vaginally and via C-Section, respectively.
We observe that the proportion of C-Section patient visits on Postpartum is slightly higher than for the L & D Floor. C-Section patients are generally more acute, requiring more frequent monitoring. This monitoring would occur on the L & D floor. As such, C-Section patients may visit the L & D floor multiple times prior to delivery. On the other hand, they would only visit postpartum once, which would occur after delivery. 
Bed Occupancy
A salient measure of system performance is the number of beds occupied in a care center; beds and associated resources are among the primary drivers of care costs. Hospitals often employ a systems-level analysis to estimate the correct number of beds necessary to provide in order to handle the patient population. In order to validate the applicability of the M/G/∞ model, we compared the proportion of time m beds are occupied to the probability of m beds being occupied as indicated by the model. The probability of m beds being occupied at any one time according to an M/G/∞ is given by Equation 4 [42] , where λ is the patient arrival rate, Figure 7 depicts the actual and theoretical proportion of time during which m beds are occupied at any given moment. Likewise, Table 4 reports the empirical and expected mean and standard deviation of the bed occupancy, the model error, the R 2 value, and the R 2 KL value of the M/G/∞ queueing model for each ward. Specifically, we found that the , it is possible that more than 13 patients may temporarily be on the floor at the same time; in times of high demand, recovery room beds may act as overflow. Further, on occasion, patients will be placed double-booked in rooms or temporarily moved to a hallway in times of extreme overflow. Finally, due to imperfect, manual data entry, there may be a delay between when a patient is moved out of a location and the recording of that information. One core theme of research and improvement efforts in obstetrics is attempting to understand why the cesarean section rate is 35% when the optimal rate suggested by the World Health Organization is closer to 15%. Rates above 15-19%, on average, do not appear to improve maternal or fetal outcomes; furthermore, there are significant near-and long-term risks associated with cesarean sections [43] . As such, researchers have proposed lowering the C-section rate. However, we are unaware of a prior queueing theoretic investigation showing the consequences of such a rate reduction on the logistics of labor floor operations.
Utilizing our M/G/∞ queueing model, we are able to predict the effects of decreasing the cesarean section rate. We independently computed the service times for vaginal and cesarean deliveries and determined a new aggregate expected service time via a weighted combination of these specific times. In other words, the aggregate expected service time for a patient is equal to the sum of the product of p (the proportion of cesarean deliveries), and the expected service time for a cesarean delivery and the product of 1-p and the expected service time for a vaginal delivery. In order to provide a helpful analysis for researchers at hospitals with higher or lower arrival rates, we also varied arrival rates among patients.
As Figure 8 indicates, changing the C-section rate can have significant consequences for the resources required to care for patients on the labor and delivery floor and in postpartum. In this figure, arrival rates at BIDMC are depicted as a function of the arrival rate, λ o , Vertical bars denote cesarean section rates of 15% and 35%.
The number of beds required to accommodate the average and 99th-percentile cases on the labor and delivery floor increases as the rate of cesarean sections decreases: patients who deliver vaginally generally require longer delivery times than patients who undergo C-section. To cover the 99th percentile of patient occupancy, it would be necessary to increase the number of beds on the L & D floor at BIDMC by 1, which translates to an 8% increase.
Moreover, as cesarean section rates increase, the number of beds required to accommodate the average and 99th-percentile cases increases in postpartum: patients require a significantly longer amount of time (approximately twice as long) to recover in postpartum after undergoing a cesarean section than patients who delivered vaginally. Specifically, the number of beds in postpartum could be reduced by 6.7 -a 12% decrease -to cover the 99th percentile of patient occupancy. Because the typical length of stay in postpartum is substantially longer than on the labor floor, the greater magnitude of change for postpartum relative to the L & D floor is to be expected.
Financial Impact
In prior work, researchers at BIDMC conducted a financial investigation into the cost of care at BIDMC [50] . These researchers used the time-driven, activity-based costing method by Kaplan and Anderson [29] . Based on these cost rates, we can employ our M/G/∞ queue model to translate the change in occupancy requirements following a change in the C-section rate into a financial cost for our care center.
Shah et al. [50] showed that the average cost of personnel caring for an occupied L & D bed is $2.11 per minute, while the average cost of personnel caring for an occupied postpartum bed is $0.32 per minute. The average cost of maintaining an L & D bed and associated equipment is $0.22 per minute; the average cost of maintaining a postpartum bed and associated equipment is $0.04 per minute. Finally, the average cost of a C-section is $12.47 per minute.
In order to compute a cost, we assumed that the hospital maintains sufficient beds on the L & D floor and in postpartum to account for the 99th percentile of bed occupancy. Given this assumption, we estimated the total cost to the obstetrics unit, as shown in Equation 5 . We assumed a baseline of 1,112 C-sections per year given a 35% C-section rate, which we based on data from BIDMC. 
Given this analysis, we were able to compute the total cost per year for the entire L & D ward, as well as the change in cost relative to the 35% C-section rate baseline, as depicted in Figure 9 and 10, respectively. Surprisingly, the cost savings observed in the reduction of relatively less expensive postpartum beds outweighed the cost increase resulting from the greater number of relatively expensive L & D beds necessary to accommodate a reduction in the C-section rate. Decreasing the C-section rate from 35% to 15% would decrease the cost of the entire operating unit by $153k. However, note that the change as a percentage of the total cost for the operating unit at 35% is less than 1%.
Recommendation
Hospital administrators seeking to reduce cesarean section rates should be prepared to increase the number of beds available for patients on labor and delivery floors. Further, hospital management should also either anticipate more unoccupied beds on postpartum floors or reduce the number of beds in order to decrease cost. Specifically, our hospital of interest would need to increase the number of beds on the L & D floor by 8% and could decrease the number of beds in postpartum by 12% if there was a reduction in Csection rates from 35% to 15%. Because L & D often has a narrow financial operating margin, this aggregate change in resource requirements could have important implications for hospital operations.
At our hospital of interest, a decrease in the C-section rate does not appear to significantly impact operational costs. The cost savings from reducing the capacity of the relatively inexpensive postpartum ward marginally outweighs the increase in cost for the more-expensive L & D ward.
Inter/Intra-Team Deliveries
During pregnancy, women are typically monitored on an outpatient basis through regular prenatal visits. The obstetricians they select for their care are each a member of a team, with team members "taking call" in turns on the labor and delivery floor. While a member of the team is taking call, he or she is directly responsible for managing the care of any women seen by his or her team. Ideally, a woman's own obstetrician will deliver her baby; however, due to the uncertain duration of gestation, a team member other than the woman's primary attending physician may perform the delivery. Also, the L & D floor in a hospital may support multiple teams who concurrently share the hospital's resources to care for their respective patients.
In one conceivable scenario, an obstetrician is delivering a baby in one room when a second woman under that obstetricians care enters the second stage of labor (i.e., the cervix is fully dilated) and has begun pushing. Since the same person cannot be in two places at once, hospitals use different strategies to ensure patients have access to clinical staff. At our hospital of interest, an obstetrician from a different team would be responsible for covering a patient until the occupied doctor is free. We call this model, in which doctor-topatient care is flexible, the "team" model. However, there is an alternative, "individual," model, in which another staff member (resident or nurse) would be responsible for caring for and potentially delivering the second baby. Under this model, another available doctor of equal experience to the patient's primary doctor would not assist, because he or she is part of a different and unrelated team.
It is natural for a mother to prefer to have her baby delivered by a physician with whom she is already familiar. If the obstetrician from the patient's usual practice is occupied delivering another baby, then a mother would most likely then prefer that an obstetrician from a different team deliver her baby, as opposed to an unsupervised resident or nurse. Assuming this tiered set of preferences, a next logical question is what the benefits and detriments of the team and individual models are. Specifically, we wanted to develop a model capable of identifying what proportions of women have their deliveries conducted exclusively by an obstetrician from their usual practice, by attending obstetricians (regardless of practice affiliation), or by residents (at least for a portion of the delivery).
In order to determine the benefits of the team and individual models, we can employ the hypercube queueing model [34] , as depicted in Figure 11 . This model was developed to aid city planners in understanding how many ambulances (or similar emergency response units) a city should maintain given its population, as well as where to station those ambulances throughout the city's boroughs in order to ensure sufficient quality of service. This model represents queueing system states as nodes and transition probabilities between those states as weighted arcs connecting the corresponding nodes. However, we developed a novel analogy relating the hypercube model to physician practices so that we might model the time patients spend with their primary attending, any attending, and residents.
Consider a system under the team model consisting of two obstetrics practices: Patients in each practice arrive at the second stage of labor (i.e., fully dilated and ready to push) at rates of λ 1 and λ 2 , respectively. (Note that this is not the arrival rate of women from each practice arriving at the hospital, but the rate at which a physician sees his or her patients who are entering the second stage of labor.) S 0,0 then represents a state wherein no women are in the second stage of labor for either practice. S 1,0 represents the state at which the obstetrician from Practice 1 is attending to a mother in the second stage of labor, with no other mothers at this labor stage (vice versa for S 0,1 ). S 1,1 refers to the state in which obstetricians from both Practice 1 and Practice 2 are attending to mothers in the second stage of labor in the absence of any other mothers at this stage.
Under these circumstances, a patient could be matched with an obstetrician from a different team via two routes: First, given that the system begins in state S 0,0 , the system could experience two consecutive arrivals of women from the same practice at the second stage of labor, with such a brief inter-arrival time that the first woman had yet to finish delivering her baby before the second woman arrived. The first woman would then be cared for by the OB from her usual practice, while the second woman would be cared for by an OB from a different practice. The second route begins in state S 1,1 . Given this initial state, two women are currently in the second stage of labor with both obstetricians occupied, and one of these obstetricians will finish first. A third woman at the second stage of labor might arrive after the first obstetrician completes delivery, but before the second obstetrician does (i.e., the system is in state S 1,0 or S 0,1 ). If this third woman is from a practice other than that of the obstetrician who finished delivery first, then that third woman would be seen by that obstetrician. If both obstetricians remain occupied upon the arrival of a third woman, that patient would be seen by a resident.
In our analysis, we assume that women entering the second stage of labor arrive according to an exponential distribution with rate λ o . Given that there are n teams on the labor and delivery floor, we also assume that a woman has an equally likely chance of being cared for by any one of the teams. As such, the arrival rate of women for any given team is λ = λ o n . We further assume patients receive care with an average service time 1 µ . Here, the duration of service is equal to the duration of the second stage of labor, when the mother is actively pushing. We seek to determine the likelihood that an obstetrician from the desired practice is present during this stage. While we cannot estimate µ directly from our data, we can use data taken from a cohort of 4,126 mothers in a prior study by Rouse et al. [47] . Of the 3,152 women who delivered, the duration of the second stage of labor was between 0-1 hours for 1,901 mothers, 1-2 hours for 1,251 mothers, 2-3 hours for 217 mothers, 4-5 hours for 97 mothers, and longer than 5 hours for 46 mothers. If we assume the average duration of the second stage of labor is equal to the weighted sum of the middle of the range of the bin (e.g., 0.5 hours for the 0-1 hour bin and 5.5 hours for the >5 hours bin), then the average duration of the second stage of labor is 1.41 hours ± 1.10 hours. This distribution is approximately Table 5 . Here, S i represents a state (i.e., the temporary condition of the labor floor) where i obstetricians are occupied, and S Q represents a state in which there are more women in the second stage of labor than there are obstetricians (i.e., residents are caring for patients).
Note that P(S i ) in the simplified M/G/∞ queue is equal to the sum of the probabilities of the associated hypercube states in which there are i women in the second stage of labor; in other words, P(S i ) = ∑ j,k| j+k=i P(S j,k ). Because we assume that µ and λ are not a function of which care team is caring for the patient, we can make the simplifying assumption that P(S j,k ) = P(S i )/n for all j + k = i where n is the number of care teams, thus circumventing the assumption of Markovian service times in the traditional hypercube model. We note that if the arrival rates or service times of patients were a function of the patient's care time, a nonMarkovian extension of the hypercube model could be employed [35] . Nonetheless, for our purposes, we can calculate the steady-state probabilities for an example two-server hypercube system in Equations 6 through 8.
Next, we determine the fraction of all dispatches (an attending physician or resident responding to a mother entering the second stage of labor) for which the mother is treated by an obstetrician from her practice and experiences no queue delay. This fraction of dispatches is presented in Equation 9 for the same two-server (two-practice) system:
The fraction of total dispatches for which an obstetrician from the patient's usual practice is present for the entire duration of the second labor stage is presented in Equation 10:
Thus, for the team model, during the second stage of labor, 54.2% of patients are cared for exclusively by an obstetrician from their usual obstetrician's practice, while 18.4% of patients receive care from an obstetrician not from their obstetrician's practice, and 27.4% of patients are cared for in part by a resident.
For the individual model, we can again model each obstetrician as an M/G/∞ queueing system with arrival rate λ o n . There are two outcomes in this model: either a patient receives care entirely from an obstetrician from her usual practice, or the patient is cared for (partially or entirely) by a resident. (Note that residents are not assigned to a particular practice.) The proportion of patients seen exclusively by an obstetrician is P(S 0 ), and the proportion of patients who receive care from residents is 1 − P(S o ). In our two-practice example, the probabilities for these outcomes are 35.8% and 64.2%, respectively.
We investigated the benefits of the team and individual models for hospitals hosting between one to four teams and for patients arriving at their second stage of labor at rates ranging from iλ o 3 , i ∈ {1, 2, . . . , 6}, as shown in Figure 12 . Figure 12 (left-hand side) depicts the fraction of patients under the team model who would receive care from obstetricians from their usual practices, from practices other than their usual practice, and from residents. Figure 12 (righthand side) shows the fraction of patients under the individual model who receive care from the attending obstetrician from their usual practices, as well as from residents. Figure 13 presents this information in the form of the probability of patients receiving care exclusively from their primary attending physician (i.e., the attending physician from her usual obstetrician's practice), any attending physician regardless of practice affiliation (including the primary obstetrician), or by a resident, for both the team and individual models.
These figures indicate that the individual model yields better performance if the goal is to maximize the likelihood that a patient is exclusively cared for by an attending physician from her usual obstetrician's practice. For example, as the rate of patients entering labor increases to 1 pt/hour, a patient has an ∼10% increased chance of receiving care only from her primary attending physician. However, this occurs along with a decrease in the probability that the patient is seen by any attending physician: as the rate of patients entering labor increases to 1 pt/hour, the chance of being cared for by a resident instead of a primary attending physician increases by 50%.
As shown in the bottom chart of Figure 13 , the relative advantage of the team model decreases as the rate at which women enter labor increases. Upon inspection, however, this Fig. 12 This figure depicts the probability of a woman being cared for by her primary attending physician (top), any attending physician (middle), and by a resident (bottom), depending on whether the hospital operates under a team model (left) or individual model (right). Note that the topright plot is exactly equivalent to the middle-right plot because only the primary attending physician is available to care for the patient under the individual model. behavior is interpretable. Consider a scenario in which two patients are in labor at the same time at a hospital staffed by two teams. There is an ∼ 50% chance that the two patients are assigned to the same physician. Under the team model, both patients could be seen by an attending physician; however, under the individual model, the second attending physician would remain idle while a resident cared for the second patient. Now, imagine a scenario involving 20 patients: under the individual model, it is more likely that both attending physicians would have patients from their respective practices present, and would thus be more fully utilized. Thus, the relative advantage of the individual model tends to disappear as the number of patients in the hospital relative to the number of attending physicians increases. Nonetheless, even at ∼1.5 labor arrivals per hour, the relative advantage of the team model ranges from 30% to 90% based on the number of practices represented by attending physicians.
Recommendation
We believe that supervision by at least one attending physician -regardless of whether that physician is a member of a patient's primary care group -is preferable for patient care compared to a delivery lacking full supervision. As such, the team model for patient care appears to be optimal. Of course, there are patient-specific concerns that might warrant the use of an individual model in select cases: For example, a certain attending and resident may have intimate knowledge of a particularly complex patient, and it might be dangerous for an attending lacking such knowledge to perform a delivery in such a case.
We provide this recommendation based upon our sensitivity analysis (Figures 12 and 13 ) of the probability an attending is available during the entire delivery. This probability is fundamentally a function of the patient arrival rate, λ , the number of care teams, n, the average duration of the final stage of labor, and whether the hospital is operating under an intra-or inter-team delivery scheme. In our sensitivity analysis, we varied λ ∈ { i Fig. 13 This figure depicts the one-minus-ratio of the likelihood of a woman being cared for by her primary attending physician (top), any attending physician (middle), and by a resident (bottom), depending upon whether the hospital operates under the team or individual models.
of the final stage of labor, 1 µ , as this is a biological process that is patient-specific rather than hospital-specific [47] .
Conclusion
Labor and delivery is a complex clinical service requiring the orchestration of a diverse set of critical resources in order to provide proper care for mothers and their babies. In this work, we analyzed data from the Department of Obstetrics and Gynecology at a Boston-area hospital, and found that the activity of the L & D floor can be well-approximated using an M/G/∞ queueing model. This model is able to accurately predict the expected number of beds occupied in the various care centers associated with labor and delivery. We also investigated the potential effects of lowering the cesarean section rate on resource utilization across the obstetrics department, and found that hospital managers must prepare for changes to resource needs when altering the Csection rate: specifically, an increase of bed and staffing availability on the labor floor, as well as a decrease in capacity in postpartum. Finally, we compared the benefits and detriments of two common care models (team-based and independent) as they relate to the amount of time labor and delivery patients spend with their physicians, and found that adopting a team-based style can greatly increase the time a labor patient has with a certified attending physician.
